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Abstract
The combinatorial tool of generating functions for restricted partitions is used to generalize a
quantum physics theorem relating distinct multiplets of different angular momenta in the composite
Fermion model of the fractional quantum Hall effect. Speciﬁcally, if g(N,M) denotes the number
of distinct multiplets of angular momentum  and total angular momentum M, we prove that
g(N,M)
∑
k|N
gL(k)
(
N
k
,M
)
,
where the sum is taken over all positive divisors ofN andL(k)=k−kN/2+3k/2−N+N/(2k)−1/2.
The original Quinn–Wójs theorem results when k = 1 and it appears that this generalization will be
useful in further investigations of nuclear shells modeling elementary particle interactions when the
particles are clustered together.
© 2005 Elsevier B.V. All rights reserved.
Keywords: Restricted partitions; KOH; Unimodality; Difference of Gaussian polynomial
1. Introduction
Combinatorial mathematics is not frequently associatedwith quantumphysics.However,
work in one discipline can motivate investigations in the other and vice versa. A recent
conjecture [10] regarding allowed multiplets in the composite Fermion model [5,7,9] led
to a proof of the unimodality of restricted partitions with duplicate or consecutive parts
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[2]. This, in turn, allowed the original physics conjecture to be veriﬁed. In this note, we
exploit the mathematical tools utilized in [2] to further generalize the quantum physics
theorem.
In the fractional quantum Hall effect, N electrons are conﬁned to a two-dimensional
surface in the presence of a large perpendicular magnetic ﬁeld [6,14]. For numerical studies
it is mathematically convenient to use a spherical surface and a radial magnetic ﬁeld. Then
the single particle eigenstates form highly degenerate levels belonging to shells of a given
angular momentum. Because electrons are Fermions, for a shell of angular momentum ,
each electron takes on a different value of m, the projection of  onto a given direction. The
allowed values ofm belong to the setM={−,−+1, . . . , }, and for the case of interest
the number 2 is an integer. We represent such a system bym= (m1,m2, . . . , mN), where
m1>m2> · · ·>mN −  and call it an M-state if∑Ni=1mi =M . We let f(N,M)
count the number ofM-states using N Fermions of angular momentum . In an N-Fermion
system where each particle has angular momentum , the number of distinct multiplets of
(total) angular momentum L, denoted by g(N,L), is deﬁned by
g(N,L)=
{
f(N,L)− f(N,L+ 1) for L0
f(N,L)− f(N,L− 1) for L< 0. (1)
In [2] it was shown that the number of distinct multiplets of total angular momentum L
(called allowed L-multiplets) for an N-Fermion system of angular momentum was greater
than or equal to the number of allowed L-multiplets for an N-Fermion system of angular
momentum −N + 1. In other words,
g(N,L)g−N+1(N,L). (2)
In this note we further generalize inequality (2) by proving
g (N,M) 
∑
k|N
gL(k)
(
N
k
,M
)
, (3)
where the sum is taken over all positive divisors of N and L(k)= k− kN/2+3k/2−N +
N/(2k)− 1/2.
To illustrate this inequality let us look at a small example. For a given  andN,we deﬁne the
generating functionG(N)=∑ g(N,M)qM . InG(N), the coefﬁcient of qM represents
the number of allowed M-multiplets for N particles of angular momentum .When  = 4
and N = 4, we expect to see that g4(4,M)∑k|4 gL(k)(N/k,M). To demonstrate this is
the case for all values of M, we check that the generating function G4(4) is term by term
greater than or equal toG10(1)+G7/2(2)+G1(4). Table 1 displays the relevant values for
G(N).
We see that inequality (3) indeed holds true for this example. From Table 1 it is obvious
that g4(4,M)qMg10(1,M)qM + g7/2(2,M)qM + g1(4,M)qM for all values of M.
Notice when k = 1, the corresponding summand gives the set of low angular moment
multiplets from inequality (2). When k=N , the summand gives the single highest angular
momentum multiplet. Intermediate divisors give L-multiplets between these two. We hope
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Table 1
Calculations of the number of distinct multiplets for relevant values of N and 
,N G(N)=
∑
g(N,M)q
M
4, 4 q10 +q8 +q7 +2q6 +q5 +2q4 +q3 +2q2 +q1 +q0
+q−10 +q−8 +q−7 +2q−6 +q−5 +2q−4 +q−3 +2q−2 +q−1
10, 1 q10
(k = 4) +q−10
7
2 , 2 q
6 +q4 +q2 +q0
(k = 2) +q−6 +q−4 +q−2
1, 4 q2
(k = 1) +q−2
Sum q10 +q6 +q4 +2q2 +q0
(k = 1, 2, 4) +q−10 +q−6 +q−4 +2q−2
this generalization can be useful to physicists studying interactions among N Fermions
in shells of angular momentum  in determining the energy and degeneracy of low lying
eigenstates.
Following the technique used in [2], we exploit the KOH Theorem to prove the uni-
modality of some specialized restricted integer partitions and translate the results back to
composite Fermion terms. Also, since there is a direct correspondence between Fermions
and Bosons, we close this article with the Boson formulation of inequality (3).
2. Restricted integer partitions and unimodality
LetPa(b, c) denote the set of partitions of c into atmost b positive parts, with all parts less
than or equal to a. Then a partition y ∈ Pa(b, c) can be represented by y= (y1, y2, . . . , yb),
where ay1y2 · · · yb0 and∑bi=1 yi = c. Let a(b, c)= |Pa(b, c)|. For a, b > 0,
the generating function for Pa(b, c),
∑
a(b, c)q
c
, can also be written as the Gaussian
polynomial [1]
[
a + b
b
]
q
= (1− q
a+b)(1− qa+b−1) · · · (1− qb+1)
(1− qa)(1− qa−1) · · · (1− q) .
The coefﬁcients of the Gaussian polynomial are unimodal and symmetric about ab/2. A
direct combinatorial proof of this fact was not presented until 1990 by O’Hara [8]. Her
results were distilled by Zeilberger [17,18] into the primary tool used in this note, the KOH
Theorem, stated here using the formulation from Bressoud [3].
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Theorem 1 (KOH).[
a + b
b
]
q
=
∑
y∈Pb(b,b)
qy
2
1+···+y2b−b
b∏
i=1
[
(a + 2)i − Yi−1 − Yi+1
yi − yi+1
]
q
,
where yb+1 = 0, Y0 = 0, and Yi = y1 + · · · + yi for i = 1, . . . , b + 1.
The beauty of KOH is that each summand is a symmetric function unimodal at ab/2.
Summing all these functions preserves the symmetry and unimodality. The proof of inequal-
ity (2) required the unimodality of restricted integer partitions with repeated or consecutive
parts. The generating function for such partitions is represented as the difference of the two
Gaussian polynomials[
a + b
b
]
q
− qb2−b
[
a − b + 2
b
]
q
. (4)
Both are symmetric and unimodal about ab/2. Unfortunately, subtraction need not preserve
unimodality. Here is where KOH was so critical. The summand created by the partition
y= (b, 0, 0, . . . , 0) is precisely
qb
2−b
[
a − b + 2
b
]
q
.
Subtracting this term from both sides of KOH shows how to express (4) as the sum of
symmetric and unimodal functions as desired.
To expand on this idea, we could subtract any term from the right-hand side of KOH to
obtain a symmetric and unimodal generating function. But what would it represent? And
what, if any, would be the implications for quantum physics?
We shall investigate partitions for which the associated right-hand term in KOH con-
tains only one nontrivial Gaussian polynomial factor—namely partitions where all parts
have the same size. Let us begin by assuming b is even and consider the partition y =
(b/2, b/2, 0, . . . , 0). Then
qy
2
1+···+y2b−b
b∏
i=1
[
(a + 2)i − Yi−1 − Yi+1
yi − yi+1
]
q
simpliﬁes to
q(b
2/2)−b

2(a + 2)−
3b
2
b
2


q
which counts all partitions in P2(a+2)−2b(b/2, c − (b2/2 − b)). The next theorem relates
these partitions to the partitions inPa(b, c).
Theorem 2. LetRa(b, c) ⊆ Pa(b, c) denote the set of partitions of c with at most b parts,
each part less than or equal to a, such that for z= (z1, z2, z3, . . . , zb−1, zb) ∈ Ra(b, c)
(1) zi − zi+22 for all i and
(2) zi − zi+11 for i ≡ 1 mod 2.
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For b even, the polynomial
qb
2/2−b

2(a + 2)−
3b
2
b
2


q
is the generating function for all partitions inRa(b, c).
Proof. We transform a partition z= (z1, z2, z3, . . . , zb−1, zb) in Ra(b, c) to a partition in
P2a−2b+4(b/2, c− b2/2+ b) through a series of bijections. We create a partition with b/2
parts as follows:
(z1, z2, z3, . . . , zb−1, zb)

(z1 + z2, z3 + z4, . . . , zb−1 + zb).
We now have a partition of c with at most b/2 parts, no part exceeding 2a, and consecutive
parts differing by at least 4. The ith part differs from the last part by at least 4(b/2− i). We
subtract this difference from each term to create a standard restricted partition,
(z1 + z2, z3 + z4, . . . , zb−1 + zb)

(z1 + z2 − 4(b/2− 1), z3 + z4 − 4(b/2− 2), . . . , zb−3 + zb−2 − 4, zb−1 + zb).
The original partition of c is now a partition of c−∑b/2i=1 4(b/2−i)=c−(b2/2)+b. There are
at most b/2 parts, and no part exceeds 2a−2b+4. This is a partition inP2a−2b+4(b/2, c−
b2/2 + b). Notice that at each step the mapping is reversible, in particular the element
(x1, x2, x3, . . . , xb/2−1, xb/2) inP2a−2b+4(b/2, c − b2/2+ b) maps to
(⌈
x1 + 4(b/2− 1)
2
⌉
,
⌊
x1 + 4(b/2− 1)
2
⌋
,
⌈
x2 + 4(b/2− 2)
2
⌉
,
⌊
x2 + 4(b/2− 2)
2
⌋
, . . . ,
· · ·
⌈
xb/2−1 + 4(1)
2
⌉
,
⌊
xb/2−1 + 4(1)
2
⌋
,
⌈xb/2
2
⌉
,
⌊xb/2
2
⌋)
.
Hence if ra(b, c) = |Ra(b, c)|, then ra(b, c) = |P2a−2b+4(b/2, c − b2/2 + b)|. So the
generating function
∑
ra(b, c)q
c = qb2/2−b

2(a + 2)−
3b
2
b
2


q
. 
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3. Implications for quantum physics
Theorem 2 can be used to ﬁnd the relationship between allowed multiplets of an
N-Fermion system and allowed multiplets of an N/2-Fermion system. LetF(N,M) be
the set of all possible M-states in an N-Fermion system of angular momentum . From [2]
we have the deﬁnition of the generating function for partitions inF(N,M):
N−N(N−1)/2∑
M=N(N−1)/2−N
f(N,M)q
M = qN(N−1)/2−N
[
2+ 1
N
]
q
.
Theorem 3. The number of allowed M-multiplets for an N-Fermion system of angular
momentum  is greater than or equal to the number of allowed M-multiplets for an N/2-
Fermion system of angular momentum 2− 7N/4+ 5/2. In other words, for all M,
g(N,M)g2−7N/4+5/2
(
N
2
,M
)
(5)
Proof. It sufﬁces to show for ,N > 0 andM0 that
f(N,M)− f(N,M + 1)f2−7N/4+5/2(N/2,M)− f2−7N/4+5/2
(
N
2
,M + 1
)
,
or equivalently,
f(N,M)− f2−7N/4+5/2
(
N
2
,M
)
f(N,M + 1)− f2−7N/4+5/2
(
N
2
,M + 1
)
.
The latter is true if for constantN and , the generating functionS(,N; q)=∑ (f(N,M)−
f2−7N/4+5/2(N/2,M))qM is unimodal and symmetric aboutM = 0.
S(,N; q)=
∑ (
f(N,M)− f2−7N/4+5/2
(
N
2
,M
))
qM
= qN(N−1)/2−N
[2+ 1
N
]
q
− qN(N−1)/2−N+N2/2−N

6+ 4−
7N
2
N
2


q
= qN(N−1)/2−N


[
2+ 1
N
]
q
− qN2/2−N

6+ 4−
7N
2
N
2


q


Let a = 2−N + 1 and b =N . Then the term in parentheses above becomes
[
a + b
b
]
q
− q(b2/2)−b

2(a + 2)−
3b
2
b
2


q
. (6)
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The partition y= (b/2, b/2, 0, . . . , 0) contributes q(b2/2)−b
[
2(a+2)− 3b2
b
2
]
to the right-hand
side of Theorem 1. Subtracting this term from both sides of KOH shows how to rewrite ex-
pression (6) as the sum of unimodal functions symmetric about ab/2. Therefore S(,N; q)
is unimodal and symmetric about 0. 
4. Further generalizations
So far we have explored only the KOH terms generated by the partitions (b, 0, 0, . . . , 0)
and (b/2, b/2, 0, 0, . . . , 0).But in fact all partitions with equal parts yield a single Gaussian
polynomial term in the KOH theorem. Speciﬁcally, for any integer k that divides b, the
partition (b/k, b/k, . . . , b/k︸ ︷︷ ︸
k
, 0, . . . , 0) can be used to formulate similar results.
In the ﬁrst application of the KOH Theorem the partition (b, 0, 0, . . . , 0) corresponded
to the subset ofPa(b, c)where consecutive parts differed by at least 2. In Theorem 2 we see
that (b/2, b/2, 0, . . . , 0) corresponds to the subset ofPa(b, c) where parts of the partition
are paired together, within the pair they differ by at most 1, and every other part differs by at
least 2.The next theoremgeneralizes this correspondence for (b/k, b/k, . . . , b/k, 0, . . . , 0)
and determines its generating function for the subset.
Theorem 4. Suppose k divides b. LetSa(b, c) ⊆ Pa(b, c) denote the set of partitions of
c with at most b parts, each part less than or equal to a, such that for
z= (z1, z2, z3, . . . , zk, zk+1, . . . , z2k, z2k+1, . . . , zb−1, zb) ∈Sa(b, c)
(1) zi − zi+k2 for all i and
(2) zi − zi+k−11 for i ≡ 1 mod k.
Then the polynomial
q(b
2/k)−b

k(a + 2)−
b(2k − 1)
k
b
k


q
is the generating function for all partitions inSa(b, c).
Proof. We transform a partition z= (z1, z2, z3, . . . , zb−1, zb) inSa(b, c) to a partition in
Pk(a+2)−2b(b/k, c − b2/k + b) through a series of bijections. We create a new partition
with b/k parts as follows:
(z1, z2, z3, . . . , zk, zk+1, . . . , z2k, z2k+1, . . . , zb−1, zb)

(z1 + z2 + · · · + zk, zk+1 + zk+2 + · · · + z2k, . . . , zb−2k+1
+zb−2k+2 + · · · + zb−k, zb−k+1 + zb−k+2 + · · · + zb).
We now have a partition of c with at most b/k parts, no part exceeding ka, and consecutive
parts differing by at least 2k. The ith part differs from the last part by at least 2k(b/k − i).
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We subtract this difference from each term to create a standard restricted partition.
(z1 + z2 + · · · + zk, zk+1 + zk+2 + · · · + z2k, . . . , zb−2k+1
+zb−2k+2 + · · · + zb−k, zb−k+1 + zb−k+2 + · · · + zb)
(
k∑
i=1
zi − 2k(b/k − 1),
k∑
i=1
zk+i − 2k(b/k − 2), . . . ,
k∑
i=1
zb−2k+i − 2k,
k∑
i=1
zb−k+i
)
.
The original partition of c is now a partition of c −∑b/ki=1 2k(b/k − i) = c − b2/k + b.
There are at most b/k parts, and no part exceeds k(a + 2) − 2b. This is a partition in
Pk(a+2)−2b(b/k, c− b2/k+ b). Each step of the mapping is reversible. Speciﬁcally, the xi
component of (x1, x2, x3, . . . , xb/k−1, xb/k) inPk(a+2)−2b(b/k, c− b2/k+ b) expands to
the k components⌈
xi + 2k(b/k − i)
k
⌉
, . . . ,
⌈
xi + 2k(b/k − i)
k
⌉
︸ ︷︷ ︸
t
,
⌊
xi + 2k(b/k − i)
k
⌋
, . . . ,
⌊
xi + 2k(b/k − i)
k
⌋
︸ ︷︷ ︸
k−t
,
where xi + 2k(b/k − i) ≡ t mod k. A meticulous reader should verify that the reverse
mapping satisﬁes the requirement that zi − zi+k2 for all i in the resulting partition.
Hence if sa(b, c)= |Sa(b, c)|, then sa(b, c)= |Pk(a+2)−2b(b/k, c− b2/k+ b)|. So the
generating function
∑
sa(b, c)q
c = qb2/k−b

k(a + 2)−
b(2k − 1)
k
b
k


q
. 
Just aswith thepartitions (b, 0, 0, . . . , 0) and (b/2, b/2, 0, . . . , 0), the partition (b/k, b/k,
. . . , b/k, 0, . . . , 0) has implications for L-multiplets of composite Fermions. The next the-
orem shows that not only we can prove an analogous result for each possible value of k, we
can also prove an analogous result for all values of k simultaneously.
Theorem 5. The number of allowed M-multiplets for an N-Fermion system of angular
momentum  is greater than or equal to the sum of the numbers of allowed M-multiplets
for all N/k-Fermion systems of angular momentum L(k) = k − kN/2 + 3k/2 − N +
N/(2k)− 1/2, where k is a positive divisor of N. In other words, for all M,
g(N,M)
∑
k|N
gL(k)
(
N
k
,M
)
, (7)
where L(k)= k− kN/2+ 3k/2−N +N/(2k)− 1/2.
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Proof. Again it sufﬁces to show for ,N > 0 andM0 that
f(N,M)− f(N,M + 1)
∑
k|N
(
fL(k)
(
N
k
,M
)
− fL(k)
(
N
k
,M + 1
))
,
or equivalently,
f(N,M)−
∑
k|N
(
fL(k)
(
N
k
,M
))
f(N,M + 1)−
∑
k|N
(
fL(k)
(
N
k
,M + 1
))
.
The latter is true if for constantN and , the generating functionT (,N; q)=∑ (f(N,M)−∑
k|N (fL(k)(N/k,M)))qM is unimodal and symmetric aboutM = 0.
T (,N; q)=
∑f(N,M)−∑
k|N
(
fL(k)
(
N
k
,M
)) qM
= qN(N−1)/2−N
[
2+ 1
N
]
q
−
∑
k|N
qN(N−1)/2−N+N2/k−N

2k− kN + 3k −
N(2k − 1)
k
N
k


q
= qN(N−1)/2−N


[
2+ 1
N
]
q
−
∑
k|N
qN
2/k−N

2k− kN + 3k −
N(2k − 1)
k
N
k


q

 .
Substituting a = 2−N + 1 and b=N into T (,N; q), the term in parentheses becomes
[
a + b
b
]
q
−
∑
k|b
q(b
2/k)−b

k(a + 2)−
b(2k − 1)
k
b
k


q
. (8)
The partition y= (b/k, b/k, . . . , b/k, 0, . . . , 0) contributes
q(b
2/k)−b

k(a + 2)−
b(2k − 1)
k
b
k


q
to the right-hand side of Theorem 1. Subtracting this term from both sides of KOH for each
positive factor k of N shows how to rewrite expression (8) as the sum of unimodal functions
symmetric about ab/2. Therefore T (,N; q) is unimodal and symmetric about 0. 
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5. Results for Bosons
An N-Fermion system of angular momentum  is equivalent to an N-Boson system of
angular momentum − 12 (N−1) [2].We denote the number of allowedM-multiplets for an
N-Boson system of angular momentum  by b(N,M). Theorem 6 shows how to translate
our generalization from Fermion systems to Boson systems.
Theorem 6. The number of allowed M-multiplets for an N-Boson system of angular mo-
mentum  is greater than or equal to the sum of the numbers of allowed M-multiplets for
all N/k-Boson systems of angular momentum k+ k −N , where k is a positive divisor of
N. In other words, for all M,
b(N,M)
∑
k|N
bk+k−N
(
N
k
,M
)
.
Proof. Let = s + 12 (N − 1). Then Theorem 5 yields
gs+(N−1)/2(N,M)
∑
k|N
gks+k−N+N/(2k)−1/2
(
N
k
,M
)
. (9)
To translate an N/k-Fermion system to an N/k-Boson system, we subtract (N/k − 1)/2
from the angular momentum. Thus, inequality (9) becomes
bs+(N−1)/2−(N−1)/2(N,M)
∑
k|N
bks+k−N+N/(2k)−1/2−(N/k−1)/2
(
N
k
,M
)
which simpliﬁes to
bs(N,M)
∑
k|N
bks+k−N
(
N
k
,M
)
as desired. 
6. Conclusion
The results presented here were investigated as a question of Fermions. But it is clear
that the relationship of allowed multiplets is much more beautiful when stated for Bosons.
It appears that these results are useful in determining relationships of allowed angular
momentums for paired composite Fermions [15] or clustered systems [13,16] and hopefully
may illuminate interactions of elementary particles in other nuclear shell models.
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